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Abstract 

The flat deformation theorem states that given a semi-Riemannian analytic metric g on 
a manifold, locally there always exists a two-form F, a scalar function c, and an arbitrarily 
prescribed scalar constraint depending on the point x of the manifold and on F and c, say 
^'(c, F, x) ~ 0, such that the deformed metric ij ~ eg — eF^ is semi-Riemannian and flat. In 
this paper we first show that the above result implies that every (Lorentzian analytic) metric 
g may be written in the extended Kerr-Schild form, namely rjab '■= a gab — '2bk(^Ji,-j where rj is 
flat and ka, la are two null covectors such that kal'^ = — 1; next we show how the symmetries 
of g are connected to those of 77, more precisely; we show that if the original metric g admits 
a Conformal Killing vector (including Killing vectors and homotheties), then the deformation 
may be carried out in a way such that the flat deformed metric ry 'inherits' that symmetry. 



1 Introduction 

It has been recently proved [I] that, given a semi-Riemannian analytic metric gab on a manifold M., 
there exists a 2-form Fab and a scalar function c such that: 

1. An arbitrary scalar constraint "^{c, Fab, x) = 0, x E Ai, is fulfilled and 

2. The so-called 'deformed metric' 

Vab = cgab - eF^b where e = ±1 and F^f, := Facg'^'^Fdb (1) 
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is semi-Riemannian and flat 



This result was called Flat Deformation Theorem . For the purposes of the present paper, we shall 
only consider the four-dimensional Lorentzian case. 

The proof of the above theorem was based on the existence of solutions for a partial differential 
system that is derived from the condition that rjab is flat. As a consequence of the arbitrariness in 
the choice of the Cauchy hypersurface and Cauchy data, the deformation ^ leading to a flat rjab is 
by no means unique. Furthermore, as the Cauchy- Kovalewski theorem is a cornerstone in the proof, 
the validity of the theorem is limited to the analytic category. 

The purpose of the present paper is to deal with the question of how the symmetries of the metric 
gab are reflected upon the deformed metric rjab, more precisely: assuming that gab admits a Killing 
vector field X", we ask whether it is possible to choose Fab and c in ([T]) such that X"" is also a 
Killing vector field for rjab- We shall prove that the answer is in the affirmative in the case of 
non-null Killing vectors and that the symmetry is thus somehow 'inherited' along the deformation. 

The paper is structured as follows: section [2] contains some algebraic developments on the con- 
sequences of the deformation law ([T]) for a 4-dimensional spacetime which will allow us to state 
it in a number of alternative ways, thus illustrating different features of the deformation law. In 
section [3] we present the formalism and prove some intermediate result Jl| in order to demonstrate 
the theorem alluded to in the previous paragraph. It is worth noticing that in order to prove it, 
the problem is reformulated on the 3-dimensional quotient manifold (see section 1421) . so that a 
dimensional reduction occurs. Section contains a generalization of the above result to the case 
of (non-null) Conformal Killing Vectors. Finally, in section El we present some examples which we 
believe may be of interest due to their physical relevance. We put some technical developments in 
the appendices in order to make the paper more readable. Also for this reason, we do not insist at 
every intermediate step on the local character of the results presented here, but the reader should 
bear this in mind. 

^This formalism was developed in a number of references, notably [4] and [5] which will be used in section ID We 
present it here in a way well suited to our purposes. 
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2 Algebraic consequences of the deformation law 



Consider now the 2-form Fab whose existence is granted by the deformation theorem [T]; there are 
two possibilities, either it is 

(a) singular (or null), then, a tetrad {xq, ya-, ka, la} exists such that gab = XaXb + VaUh — 2A:(a^b) 

and 

Fab = '^k^^aXb] and then F^^ = -kah (2) 

or else it is 

(b) non-singular (or non-null), in which case a tetrad such as the one above exists in terms of 

which Fab reads 

Fab = -2-B x^^aVb] + k^ah] and then F^b = -B'^ {xaXb + VaVb) - 2-E^ k(^ah) (3) 

where E and B are functions related to the algebraic invariants of := g'^^Fcb- If either 
B or E IS zero, the resulting 2-form is timelike or spacelike respectively. If neither of them 
vanishes, the 2-form is said to be non-simple. 

In the singular case, the deformation law ([I]) reads r]ab = CQab + ekakb or, equivalently, 

gab = -r]ab-- kah (4) 

c c 

with kak"" = and rjab flat. That is, Qab is a conformal Kerr-Schild metric [2]. The singular case is 
therefore non-generic and encompasses a rather restricted class of metrics. 

In the non-singular case, from equations ^ and ([3]) we have that: 

Vab = agab + b Sab (5) 

with a = c + eB^ , b = —e{B^ + E'^) and Sab = —"^kf^ah)- As it was shown in [T], this is the 
generic case in the sense that the flat deformation ([5)) can always be achieved for any analytic 
semi-Riemannian metric. 

Notice that the arbitrary scalar constraint ^(c, = has no consequences on the factors a 

and h in (jS]). Indeed, including ([3]) the scalar constraint may be written as f{c,E,B) = or. 
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equivalently, as a relation f{c,a,b) = which, at most, can be used to determine c = c{a,b) to 
choose one amongst the many 2-forms Fab compatible with ([5j). 

We have hitherto proved that: 

Proposition 1 Let gab be a Lorentzian analytic metric on a spacetime A4 . Locally there exist two 
scalars, a and b, and two null vectors, ka and la, such that kal"" = — 1 and the metric 

Vab ■= agab - '^bk(^ah) (6) 

is Lorentzian and flat. 

The above expression vaguely reminds a conformal Kerr-Schild transformation, but in the present 
case two non-parallel null vectors, ka and la, occur. We shall henceforth call this expression extended 
Kerr-Schild form and proposition [1] can be restated as: 

Any Lorentzian analytic metric can be written in extended Kerr-Schild form. 

An equivalent statement is 

Proposition 2 Let gab be a Lorentzian analytic metric on a spacetime ^A. Locally there exist two 
scalars, a and b, and a hyperbolic 2-plane Sab such that the metric 

Vab-=agab + bSab (7) 

is Lorentzian and flat. 

Notice that S'^ is a 2-dimensional projector: 

S'^,Si = Sl, SI = 2 (8) 

which projects vectors onto the hyperbolic plane spanned by {k"', If we now denote Hab '■= 
gab — Sab, i-e. the complementary projector, then: 

H-^Hi = Hl, Hl = 2, and 5»X = = (9) 
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Hab is then the elhptic 2-plane spanned by any two spacehke vectors orthogonal to Sab, in particular 
y"', the spacelike vectors in the chosen tetrad, i.e. Hab = '^xi^aVb), and it is then possible to write 
the deformation ([T]) in a way similar to that given by ^ but in terms of the (elliptic) projector Hab 
instead of the Sab, namely: 

Vab-=agab + bHab (10) 

where a and b are scalars. 

Prom the comments and developments above and taking ([7]) into account, we can write 

9ab ■■= Hab + Sab and riab ■■= (a + h) Sab + aHab, (H) 

that is, the almost-product structure [3] defined by Sab is compatible with both metrics, Qab and 
rjab, and therefore we can state 

Proposition 3 Let gab be a Lorentzian analytic metric on a spacetime M. Locally it exists a 
Lorentzian flat metric rjab that shares with Qab an almost-product structure. 



3 Spacetimes admitting a (non-null) Killing vector 

In this section we are going to set up and develop the formalism and basic results which will be 
later used in order to prove the result stated in the introduction; namely: that if the metric admits 
an isometry, it is always possible to preserve it in the flat deformed metric. 

Let be a spacetime with an arbitrary metric r/aJ^ admitting a Killing vector X"- . Let ^a '■= Vab^^ 
and / := S,aX'^. Assume that the Killing is non-null, that is: / / 0, and denote by S the set of all 
orbits of X*^, which we assume to be a 3-manifold (the quotient manifold)^. 



We shall designate by vr the canonical projection vr : M. — > S where Tr{x) = Ox is the orbit through 
the point x £ A4 of the 1-parameter group generated by X". 

The projector: 

ht := 5t - yX»6 (12) 



^Note: riab does not designate the flat metric at this point. We use this notation here for later convenience. 
^It can be shown that locally this is always the case if fixed points of are excluded. 
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projects vectors in TA^ onto vectors that are transverse (orthogonal) to X". There is a bijection 
[4] between tensor fields T^^--- on S and the tensor fields Tj^''' on M. that fulfill: 

X'Tt: = 0, ^aTt:=0 and CxT^.:; = (13) 

that is, those which are transverse to X" and and Lie invariant along X"-. Following Geroch [4] 
«While it is useful conceptually to have the three-dimensional manifold 5, it plays no further logical 
role in the formalism. We shall hereafter drop the primes: we shall continue to speak of tensor fields 
being on S, merely as a shorthand way of saying that the field (formally, on A^) satisfies (fTi!]) » 

As / 7^ the projected metric 

hab ■=r]ab- J^aCb (14) 

induces a semi-Riemannian metric on the quotient manifold 5, the so-called 'quotient metric'. Its 
signature is +1 + 1 — sign(/). We shall designate by h'^'' := ry°* — -X°'X^ the inverse quotient 
metric, that is: h°'^hbc = h!}.. 

3.1 The Killing equation 

Prom CxVab = it follows that VaCb is skew-symmetric, that is: VbCa + ^aCb = where V stands 
for the covariant derivative associated to rj. 

We also have that CxS,a = and X^-la = 0, where la ■= Vq/. Since X^ is non-null, VaCb can be 
decomposed as: 

2Va^b:=2f[aCb] + eab with / := log |/| and QabX' = (15) 

Qab = —Qba is related with the vorticity of the Killing flow. We sliall use the above form for the 
Killing equation in the sequel. 

3.2 The Levi-Civita connection on S 

Let Tj° " be a tensor field on S and define: 

D,T,^::: ■.= hi^hihlv^T:]::- (le) 
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Clearly, it is a tensor field on S, since T^""' and /i^ both satisfy (fT3l) . and, since X"" is a KV, the Lie 
derivative with respect to it commutes with V; further it can be easily proved that Da is a linear 
connection: indeed, it is linear, it satisfies the Leibniz rule and for any scalar function / on 5, Daf 
is the gradient of /. Moreover, it can be also shown that it is torsion-free and that Dchab = (this 
last result holds trivially); therefore, D is the Levi-Civita connection on S (see [4]). 

Let now u", vJ' be two vector fields on 5, then taking into account (fT3]) . (fTSj) and (fT6]l one easily 
gets 

D.w'' = V^w'' + ^ X'^Obcv'w'' (17) 

where DyW°- := v'^Di,w°'. Notice the formal similarity between this formula and Gauss equation for 
hyper surf aces, even though S is not a submanifold and we have the skew-symmetric @bc instead of 
the second fundamental form. 

3.3 The Riemann tensor on S 

Consider next a vector field v'^ on S endowed with the quotient metric hab and its associated Levi- 
Civita connection Da as defined above in (fTBl) . We aim at calculating the Riemann tensor TZ'^^^^^ for 
this connection. 

Prom the Ricci identities, [Da,Di,]v'^ = v'^Tl'^dab^ '^^ have that 

T^abcd = Rabcd + Yl + 0[ac0fe]<i) ) 

where i?^^^^ := h'^hJ^h^h'^^Rmnpq- Using the identity Qab^cd + Qac^db + Qad^bc = that follows 
from the fact that dim 5 = 3, we then arrive at 

3 

T^abcd = Rabcd + ^ &ab&cd (18) 

The remaining components of Rabcd follow from the second order Killing equation VaVb^c = 
Rdabc^'^ '■= Rxabc which, taking into account (fTSll . leads to: 

Rxabc = \DaQbc + \f[bQac] (19) 
RxaXc = -\Dalc-\Qa'^bc+J^lalc (20) 
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We have thus shown that the entire Riemann tensor on M. may be expressed in terms of the 
kinematic invariants of and the Riemann tensor on S associated to the Levi-Civita connection 
Da of the projected (quotient) metric hab- 



3.4 Lift of a metric from S to Ai 



We have hitherto shown how a semi-Riemannian metric can be projected from M to S. We shall 
now consider the converse case. As before, let X'^ be a vector field on and let S be the set of its 
orbits, which we take to be a manifold according to the reasoning at the beginning of the present 
section. Further, let vr : — > 5 be the canonical projection. 

Let now hab be a semi-Riemannian metric on S having constant signature (H — \- a), a = ±1. We 
shall denote by the same symbol the pulled back metric on M., i.e.: '7T*hab = hab, which is degenerate 
because habX^ = 0, moreover, Cxhab = 0. The point now is: does it exist a metric rjab on Ai such 
that: (a) admits X"' as a Killing vector and (b) has hab as the quotient metric? 

If it exists, a relation similar to must hold, with '■= Vab^^ and / = CaX"-. Hence, the solution 
is not unique, because we may choose any covector ^a such that Cx(,a = and that / := S,aX"' has 
constant sigrG; then taking 

Vab ■■= hab + J CaCb (21) 

as the lifted metric, all the required conditions are satisfied (namely: X"" is a KV of rjab and hab 
is its quotient metric). Then, if no further condition is demanded, equations (fTSjl . (fT9]l and ([20]) 
merely relate the Riemann tensors for both metrics, rjab and hab- However, if we require the lifted 
metric rjab to fulfill some supplementary condition, e.g. to be flat, then these become equations on 
the chosen ^a and the given hab, much in the same way as the Gauss curvature equation and the 
Codazzi-Mainardi equations set up conditions on the way that a submanifold can be immersed in 
an ambient space. 

The choice of is restricted by the condition Cx(,a = 0. Assume that a 1-form on M. such that 
OaX" = 1 and Cxo^a = is given. Then, the sought can be written as ^a = + fJ-a), with 
I := CaX"" and jXaX"" = 0. It can be easily proved that: 

Cxia = ^ X/ = and CxjJ-a = 



The sign is to be chosen so that the lifted metric has the required signature (H — h H — ) 
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Hence, given a 1-form Oa on M. such that aaX"' = 1 and Cxcta = 0, choosing is equivalent to 
choosing a function Z 7^ on 5, a 1-form fia on S and taking = /(oa + Ha)- 

The exterior derivative of this expression yields 

idOab = jhak+^('^t')ab ^nd Qab = Hdfl) + 1 (da) (22) 
where (fTSl) has been taken into account. 

In terms of I and /Lia, taking ([22]) into account, the equations (fT8]l . (fT9]l and ([20]) read: 

3/ 

^fbcd = ^afecd - J {dn)ab{dfJ.)cd (23) 

^iafec = ^^a[/(tZM)6c] + ^Z[fe(fi/^)ac] (24) 
1 

RxaXc = -^DJ,-j{dfl)ad{dfi)bch'"^ (25) 

that are equations for Z, /ia and hab to be solved on S. 



3.5 Hypersurfaces and Killing vectors 

Let E be a surface in 5, then 7r~^S is a hypersurface in M and the Killing vector X'^ is tangent to 
it. The following diagram is commutative: 

(?7,V,i?) M^^S {h,D,n) 

J 3 

iv',V,R') ^-is^S {h',D',n') 

where J and j are the respective embeddings. 

We respectively denote by ry^^, ^ab, V and -R^^^^ the first and second fundamental forms, the induced 
connection and the intrinsic curvature on 7r~^S as a hypersurface of the Riemannian manifold 
{Ai,rjab)- Similarly, we denote by /i^^, (pab, D' and Tl'^bcd the corresponding objects on S regarded 
as a hypersurface in {S,hab)- 

Let be the unit vector r/-normal to 7r~^S. Since X'^ is tangent to 7r~^S, then .^a^T-" = 0. Further- 
more, Cxn°- = 0. Indeed, for any tangent to vr^^S we have that CxV°^ is also tangent to 7r~^S 
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and, using that X°- is a Killing vector field, we easily arrive at rjab^xn'^y^ = 0, which implies that 
Cxn"- oc n"-. On the other hand, as is unit, rjahCxn'^n^ = 0, whence it follows that Lxn^ = 0. 
Therefore, is also a vector in S and is the unit vector /i-normal to S. 

It can be easily proved that the second fundamental forms for 7r~^S and S satisfy that: (pat = ^ab- 
On the other hand, for any vector field tangent to 7r~^S, we have that 

where in the second equality we have used that CxV°'na = and that V^Ub = 0. The above 
equation imphes, putting {di)ab'n^ ■= id£,)an and /^n^ := /„, 

^abX"" = ^ {dOnb = \ Mb + \ Qnb (26) 
where (fTSl) has been taken into account. Therefore, 

^ab = 't>ab + Y^ fn CaCb + J 0n(aCfe) (27) 

4 Flat deformation 

The aim of this section is to prove the main result in this paper, namely. 

Theorem 1 Let {Ai,gab) be a spacetime with a metric gab admitting a non-null Killing vector X"". 
Locally there exists a deformation law 

r]ab = agab + b Hab (28) 

where a and b are two scalars, Hab is a 2-dimensional projector on a g-elliptic plane and r]ab is flat 
and also admits X"" as a Killing vector. 

It will be convenient for our purposes to prove the following result previously: 

Proposition 4 Let X°- he a Killing vector for gab and let rjab he defined hy (2S\} with 6/0, then: 
Cxr]ab = ^ Cxa = Cxb = and £x^a6 = (29) 
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Proof: As CxQab = 0, CxVab = implies that 

Cxagab + CxbHab + bCxHab = (30) 
Since Hj^ is a 2-dimensional projector, H'^^Hab = = 2, and taking the Lie derivative we get 

Tab _ n n^Tifvo^+i^T, Pml ,,,;fV> ^a.b J irab 



ICxHabH'^" = 0. Contraction of ([30]) with g"" and iJ'^" leads respectively to 

4Cxa + 2Cxb = and 2£xa + 2Cxb = 



which imply: Cxo, = Cxb = 0. Substituting back into (|30]l and taking into account that 6 7^ 
yields CxHab = 0. □ 

The proof of theorem [T] spreads over the present section and it consists in finding a, b and Hab such 
that: 

(i) Vab = agab + bHab is flat and 

(ii) Cxa = Cxb = and CxHab = 0. 

The number of unknowns is 6, namely: 2 for a and 5 plus 4 for Hab (recall the constraints H^H^ = H^ 
and Ha = 2). Then, (i) means that the Riemann tensor for rjab vanishes: 

Rabcd = (31) 
To ensure (ii) we shall solve ([311) on S and then pull the solutions back to tt^^S = M.. 
We first introduce the decompositions: 

Qab = Pafe + y iaib and rjab = /lab + y iaib (32) 
where ^a '■= QabX^ and I = ^b^^ are known from the data gab and X^, whereas 

^a := VabX^ = a^a + bHabX'' and I := CaX\ (33) 
depend on the unknowns. Notice that bHabX°-X^ = I — al. 
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4.1 The projection of our problem onto the quotient manifold S 



We must now replace the unknowns (a, b, Hab), which are tensor quantities on Ai, with others that 
are tensor quantities on S. Consider the covector Oa = £,a/l- It is obvious that UaX'^ = 1 and 
^xOa = 0; hence the results in section 13.41 can be applied and we have that /ia = y '^a — y is a 
covector in S, thus we can write 

ia = lmVa + =la. (34) 

where Va is ap-unitary covector on S and m := ^/Jl^J^bp"^- Then, on account of ([33]) . we have thallfl: 

HabX' = ^ (^mVa + ^-^l)j (35) 

Now, H"^ is a 2-dimensional projector and therefore its eigenvalues are and 1, both with multiplicity 
2. H^X^ is an eigenvector (not unit), and a second one may be chosen so that it is ^-orthogonal to 
it. We can thus write: 

Hab = PaPb + WaWfo (36) 

where Pa and uJa are g-unitary and mutually (/-orthogonal, and 



liTT- 1 I — al - 

Pa = , "-^jy —r ^^^^ 



^Jb{l-al) 

Since HI is a projector, it follows that uJaX'^ = ujai^"' = 0, and as /3a is ^-unitary we also have that: 



- = h + a-- (38) 

I — al I 



Prom CxHab = (Proposition its transverse projection 

(b + a)l-l 

Hab = T^aVb + i^a(^b (39) 

bt 

satisfies also CxHab = 0. Hence, Hab is a tensor on S. 

' We explicitly exclude the cases I — al — and 6 = since they are non-generic. Note that 6 = corresponds to 
the metric 77 being conformally flat. 
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The quotient metric hab is the transverse projection of Tjab and, taking (f28ll . (f32l) and (p9ll into 
account, we obtain: 

/iafe = apafc + + " ~ + boJaU^b (40) 

We have seen so far that the set of unknowns {a, b, Hab} — tensor quantities on M. — can be 
assigned the new set of unknowns {a, b, I, Va, w;,}, where Va and are p-unitary and mutually 
p-orthogonal covectors on S, and a, b and / are scalar functions on S. The inverse correspondence 
is easily established. It suffices to take Hab as defined by ([36]) with /3 defined by ([371) 

(Notice that the number of degrees of freedom is still 6 because, once Va is given, the unit orthogonal 
covector uja is determined by only giving one angle.) 



Due to the symmetries of the Riemann tensor, Rabcd, it can be separated as: 

2 4 

Rabcd = Labcd + y {Lab[cCd] + -^cd[aCfe]) + p ^[b^a][cCd] (41) 

where Labcd, Labc and Lac are transverse to and have the following symmetries: 
(a) Labcd has the same symmetries as a Riemann tensor in 3 dimensions, 

(t>) Labc = ~Lbac, Labc + Lbca + Lcab = and Lab = Lba 

Notice that: 

Labcd = Rabcd ) ^abc = RabcX and Lac = RxaXc (42) 

and are given by ([T8l) . ([T9l) and ([20]) . Then equations ([311) — flatness of rjab — are equivalent to: 

Labcd = , Labc = and Lac = (43) 

By taking the exterior differential of mua and taking ([M|l and ([^ into account, we have that 

2D[a{mu,]) = jeab-^Qab (44) 

with m given by ([38]). Including now ([H]), ([l9|), ([20]), ([10]) and ([B]), the equations ([IS]) result in 
second order partial differential equations relating a, 6, /, Ua and cj^, i.e. tensor quantities on S. 
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4.2 The constraints and the reduced system 



Equations (j^3]) constitute a system of 20 independent equations for only 6 independent unknowns. 
To handle this overdetermination we shall take 6 equations among them as a reduced partial differ- 
ential system [7], that we shall solve by giving Cauchy data on a non-characteristic surface S [H]. 
The remaining 14 equations are to be considered as constraints to be fulfilled by the Cauchy data 
on S. It must be then proved that any given solution of the reduced PDS fulfilling the constraints 
on S also fulfills them on a neigbourhood of S. 

Given a surface S C 5, we choose Gaussian p-normal coordinates {x^,x^,x^) on a neigbourhood 
C cS of S: 

= on S , pii = s = ±1 and pij = , j = 2, 3 (45) 

The sign s depends on the sign of I: if I < 0, then s = +1, while for I > 0, s can take both values ±1. 
For the sake of simplicity, here we shall choose S so that s = — sign (I) and then pij has signature 
(++)■ 

In these coordinates, we choose (indices a, b, c, . . . run from 1 to 3 and i, j, ... run from 2 to 3) 

Ln = 0, Liji = 0, Luij=0 (46) 

as the reduced partial differential system and 

Laj = , Lbijk = , Ljcd = (47) 

as the constraints. (Notice that Liji^ = is included in the above equalities because, as a consequence 
of the first Bianchi identity, Lijk = —Ljki — ifcij-) 

In Appendix A we prove that, if a, 6, Hat is an analytic solution of the reduced PDS ([^51) fulfilling 
the constraints (|T7l) on S, then the constraints are also fulfilled in an open neigbourhood of S. 

4.3 The reduced PDS 

We shall now write equations ([461) in terms of the unknowns {a, b, I, Va, ^a}- We shall only make 
explicit the principal parts, i.e. those terms involving second order partial derivatives with respect 
to the coordinate x^. In what follows a "dot" will stand for whereas = will mean "equal apart 
from non-principal terms". 



14 



(a) From (H2]l and ([20]) . and taking into account that / / 0, we have that Lu = leads to 

[ ^ . (48) 



(b) From ^ and (dH), including (gH), we obtain Late = -De [l D[a{mvi,])] . Therefore, Liji = 
amounts to 

fhi^j + muj = , j = 2,3 (49) 

with m given by ([38]l . 

(c) From (H2]l and (fTSl) we have that the third of the equations (H6]l Lmj = leads to 

hij ^ (50) 
which, using (00]), (08]) and (09]), becomes 

a (pij + \l{b + a) - l]yiVj) + 6a;ja;j + b [wjWj + WjWj] = , i,j = 2,3 (51) 

The characteristic determinant for the reduced partial differential system constituted by the 
six equations (08]) . (09]) and ([STl) is (see Appendix B for details): 

A := 2&(j?i/iri p [l - suf + [1(6 + a) - l]uf] ^-^^ 

b + a — = j (1 — sz^]^ ) — su>i [a — = 

4.4 Geometrical meaning of the constraints 

It remains to be shown that Cauchy data fulfilling the constraints ([471) on the Cauchy surface S do 
exist. Consider 7r~^S, which is a hypersurface in M, and take coordinates (x^, . . . x^) adapted to 
both X" and vr-^S, i.e. X" = 6^ and = on tt~^T.. 

Let and P^'^ be the projectors: 

Pt := 6^ - 4r 5^" and P," := - 4t v'" ^1 (52) 

They both project vectors in TAi onto the hyperplane T(7r~^S) and, while P^ projects parallelly 
to g^"", Pj^ does it parallelly to r]^". It is obvious that p\ = P^ = 0, hence 

PlP'e=P^ and PSpI = pI (53) 
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which implies that, when restricted to the hyperplane T(7r ^S), both projectors, and P^", yield 
the identity. 

It is easy to see that the constraints (ITtI) amount to 

Rabcd = whenever at most one of the indices is 1 



that is, RabcdP^P'^fP'l = which, including (f53ll is equivalent to 

RabcdPePfPg = (54) 

Then, if is the unit vector ry-normal to 7r~^S, ([M]) is equivalent to 

R'2'd = and <-J = (55) 

where "tang" denotes components tangential to 7r~^E and Rnbcd ■= Rabcdn""- 

7r~^S can be seen both as a hypersurface of the Riemannian manifold {M,r]ab) and as a hypersurface 
of {M.,gab)- We shall denote rj'^^ and g'^^ the respective first fundamental forms. The two normal 
vectors are respectively: 



n 



^ na = ^^Sl and n'^ = , na = -^6l (56) 



and the second fundamental forms are: 

^ab = P^cm and ^ab = Pl^Jib 

The Gauss curvature equation for ir~^T> as a submanifold of {M.,r]ab) reads [9]: 

PT^d=Kbcd + '^'^ald^c]b (57) 

and the Codazzi-Mainardi equation is 

<Tcl = 2Vj,$,], (58) 
where V and -R^^^^ are respectively the induced connection and the intrinsic curvature. 
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The constraints (l55|l are therefore equivalent to 

Kbcd + 2 <^a[d^c]b = and ^[d'^c]b = 

a particular solution of which is 

^ab = and R'abcd = (59) 



The normal derivatives of the unknowns. The first of the equations (l59]) determines the first 
order normal derivatives of the unknowns on the Cauchy hypersurface S. Indeed, from ([271) and 
^ab = we have that: 

/„ = o, e„6 = o, <Pab = o (60) 

Furthermore, as Qab is skewsymmetric and (pab^'^ = 0, it is obvious that (j)ab = and @na = are 
equivalent to 

(pij = and Qnj = , i, j = 2, 3 

Notice that the remaining equations, namely cpai = and 6„4 = 0, are identically satisfied because 
(pab and @ab are tensors on S and in these coordinates X"- = Jf. 

Including then ([271) . ([331) and dBI), equations ((60]) are equivalent to: 

n^Dbl = , 2/ {muj]) + | e„j = , = (61) 



and, using (|56]) . we have that 



Is"! /- i_ 

^anb = W -pjy |^(/>afe + - n6L>a log 



1^ 

|7?11| 



where b'^^ is the difference tensor for the connections D and D. 

In Gaussian p-normal coordinates, taking into account (HO]) and writing explicitly the principal 
terms only, ([611) becomes: 

/i^i/^O, (mi/j + mz>j) ^ , /i^/ijj^O (62) 

The similitude of these equations with ([48]) . ([49]) and ([50]) is apparent and the characteristic de- 
terminant is {h^^)^A. Hence, provided that the Cauchy data on S are chosen so that A / and 
h^^ 7^ 0, the constraints ^ab = permit to obtain the first order normal derivatives of the unknowns, 
namely d, b, I, z>5 and iOc on S, in terms of the values of a, b, I, Uf, and tOc on S. 
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The unknowns on the Cauchy surface S. The second of the equations in (f59]l is a condition 
on the values of the unknowns on S. The isometry group G generated by X" acts also on vr^^S 
and TT^^S/G = S. Hence, relations similar to (|18ll2Qp hold: 

^'abcd = '^'abcd ~ ^ {^'ab^'cd + ®[ac®f)]d) = ^ (63) 
B!Lbc = \D'aQ'bc+\f[bKc]=^ (64) 
l^XaXc = -\Kl'c-\Q'a''^'bc = ^ (65) 

with R' := J*R, W := j*n, G' := fQ , I' = j*l. 

As S has only two dimensions, Qac®""" = 0''^h'!^, where 29'"^ = e'j,^e"'^ Hence, equation JMI 
is equivalent to Q'^'^R'xabc ~ ^ which, after a little algebra yields + f'^d''^ = and, since 

/' = log I /'I, we have that: 

O'"^!' = constant (66) 

In two dimensions, the Riemann tensor has only one independent component: Tl-'abcd ~ ^'a[c^'d]b ' 
therefore ([631) and (f65l) are respectively equivalent to 

oal2 1 
n' = ^ and D'^D'j' = ^9''h',, (67) 

The integrability conditions for this equation imply that 9' = 0. Indeed, as 

D',D',D'J' - D',D',D'J' = -n'i,M' , 

we have that D',,9''^h' , = —TZ'D',,l'h', , where the fact that we are in 2 dimensions has been 

[b a\c [b a\c ' 

used to simplify the Riemann tensor. Taking now into account the first equation ([BT]) we obtain 
D'^9''^ - %^D'^l', or 9'^/l'^ =constant or 9'^l'-^ =constant. This, together with ([Ml) imphes 
I' =constant which substituted in (f67l) leads to 9' = 0. 

Therefore, equations (|63II65|) are equivalent to: 

7^' = , 9' = and D'^D'J' = (68) 

The Gaussian p-normal coordinates introduced in section l42l equation ([451) . are specially well suited 
to our problem. In these coordinates vectors that are tangent to S are characterized by f ^ = 



18 



and the restriction to S of any covariant tensor on S, Tab..., a,b, . . . = 1,2,3, merely consists 
in keeping the components Tjj... , i,j,... = 2,3. Thus, /i^^- := {j*h)ij = hij , u[ := = Vi , 

®ij '•— — ®ij , ni' := mo j = m and so on. 

Now, including this and the second equation ([68I1 . the restriction to S of equation ([441) is 

2D[,{muj{) = -^Qij, i,j = 2,3 (69) 

and, as all differential forms in A^S are closed, this equation is locally integrable and yields muj , 
J = 2, 3. 

Moreover, I' =constant is a solution of the third equation ([68]l and therefore we shall take / =constant 
on S. 

As S has only two dimensions, TZ' = 2e"'^ {h')e'^\h')lZ[^i^i, where e'*-'(/i') is the volume tensor on S 
for the metric /i'^^. In two dimensions the volume tensors e'^'j{h') and e'^^{p') are proportional to 
each other and therefore 7^' = is equivalent to e' {p')e' ^\p')TZ[-i^i = , or 

pVK^ki = (70) 

This is a condition on h[ - which depends on the unknowns a, 6, Z, f^, u;;,, a, 6 = 1, 2, 3 . 

Prom the third equation ([68]) we know that / =constant on S. Then, by solving equation ([69]) we 
obtain mvj, j = 2, 3, on S. We then choose iOi, i = 2, 3, on S which, together with the orthogonality 
conditions 

UlaOJhV"^ = VaVbV"^ = 1 and Va^hV''^ = , 

permit to obtain Wf,, Ua, a, ^ = 1,2,3 and m. Finally, substituting this in ([38]) . we can obtain 
h = h{a) and therefore condition ([70]) yields a partial differential equation for a, whose principal 
part is 

{y^v^ - [1 +p'^ViUi]p'^^ djka ^ where := p>^Vk (71) 

The characteristic form is: 

X{zi) = [ziv^f - [l+p'^yiVi]p'^ZjZk 
and the existence of non-characteristic lines for equation ([70]) is obvious. 
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4.5 Summary of the proof 

So far, we have analyzed the existence of a solution to the problem stated in section [H Let us now 
synthesize a way to find such a solution: 

(a) From the given X'^ and gab, obtain I, Qab and the quotient metric pab] 

(b) Choose a Cauchy surface S ^ 5 and a chart of Gaussian p-normal coordinates for S, 

(c) Choose mfj, z = 2,3, on S as a solution of 2ld[i {mujjj = —Qij; 

(d) Take / =constant on S; 

(e) Then choose Wj, i = 2,3, such that inequality A 7^ is fulfilled and, including the orthonor- 
mality condition, the definition ([33]) and the obtained value for mvj, derive wi, ui and m on 

(f ) With the relation ([38)) obtain b = b{a) and 

(g) Substitute the above in ([70l) and solve it to obtain a on S. 

With this we have a, b, I, fc-.'^d on S. Then 

(g) Solve ([FT]) to derive d, 6, z>c,Wd on S; and 

(h) With these Cauchy data, solve the reduced partial differential system ([46]l : then use ([341) to 
have ^a, ([^0]) to have hab and ([32]) to have rjab- 

5 Generalization to Conformal Killing Vectors 

The main result in this paper, stated in theorem [T] can be extended almost immediately to the case 
of Conformal Killing Vectors (CKV for short), as a consequence of the so called Defrise-Carter's 
theorem (see for instance [H]); which states, roughly speaking, that given a (non-conformally flat) 
metric g admitting an r-dimensional Lie algebra of CKVs, Cr , there exists a function such that 
Cr becomes a Lie algebra of Killing vectors for the conformally related metric g = i^^g. 
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Thus, we can state: 

Theorem 2 Let (A^,g) he a spacetime such that the metric gab admits a non-null CKV X"". Locally, 
there exists a deformation law as the one given by I128\) such that X'^ is a KV for the flat metric rjab- 

Proof: Since X'^ is a CKV of the metric gab, there exists a conformal factor 0^ such that gab '■= 
^'^9ab has X"' as a KV [H]. By theorem [H it then follows that a flat, deformed metric r]ab exists, 

rjab = agab + bHab 

for which X"" is a KV, defining next a := O^a and taking into account the above expression for r]ab 
as well as the relation between the metrics g and g, it readily follows that X" is a KV of the flat 
metric 

Vab = agab + bHab- 

□ 

6 Examples 

We next present some physically significant examples. We have chosen families of well characterized 
spacetimes and then selected, amongst all spacetimes in the family, one well-known and physically 
relevant particular solution. For the sake of convenience, instead of the deformation law (f28l) in 
theorem [U we shall rather use the equivalent formula ^ with the hyperbolic projector Sab- 

6.1 Class Al warped spacetimes 

For these spacetimes, coordinates x"- = u,x^ with k = 1,2,3 exist such that the metric takes the 
following form (see [12] for definitions and further details), 

ds^ = edu^ + f'^{u)hij{x^)dx'-dx\ e = ±1 

where / is some function of u. For e = +1, it is a spacelike coordinate (class Al spacelike warped), 
whereas for e = — 1, u is time (class Al timelike warped). In what follows, we shall consider only 
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the latter case and put u := t, thus, we shall take the line element to be 

ds"^ = -dt^ + f{t)hij{x^)dx'dx^, ij,k = l,...,3. 



(72) 



Writing now 

ds^ = P{T)ds\ With dT = ^^, f{r) = f{t{T)) (73) 
we get, in an obvious notation, 

ds"^ = -dr'^ +pij{x^)dx'dx^ , or else Qah = P{T)9ah- (74) 

Now, dr is a KV of gab and a CKV of the original metric gab'-, further, it is orthogonally transitive, 
hence, Pij{x^) is a Riemannian metric on the quotient manifold coordinated by x^ , k = 1,2,3. 

Making use of the equivalent to the flat deformation theorem in three dimensions for a Riemannian 
metric (see [l3]), we can see that a scalar function a{x^) and a covariant vector field iii{x^) exist such 
that they fulfill a previously chosen arbitrary relation, say \I'(a, = 0, where = p^^j^ifij, 

with p^^Pjk = <5^, and the metric 

Vij = apij + f^ilJ'j (75) 

is flat. Presently, we choose 

'^{a,\\n\\) = \\fi\\^ + a- 1 = 0, 
and it then follows that the 4-dimensional semi-Riemannian metric 

ri := -dr ® dr + fjij{x'')dx^ (g) dx^ 

is also flat and admits the KV dr- 
Using now ((75]) we have that 

r] := —dr dr + apijdx^ ® dx^ + fiidx^ (g) fijdx^ , 

or else, using the coordinates = x^, x^, x^, = r, setting ij,^ = and making use of ([731) . it turns 
out that we can write 

rjab = agab - (1 - a)6a6h + /Xa/Wfe = agab + (1 - a)Sab, (76) 
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where 

Sab ■= —^t^b + AaAb) ■= T^T\^^o, 

\\H I 

is a two-dimensional hyperbolic projector (recall that we chose ||)u|p = 1 — a), and thus ([76]) 
corresponds the sought for form jT]). 

6.2 Spacetimes with additional symmetries 

In some cases with additional symmetries it is possible to derive an explicit expression for /i^; this 
giving for granted that the deformed metric rjab, the factors a and 5, and the hyperbolic projector 
Sab will share the same additional symmetries. (Notice that this is only a conjecture that goes 
beyond what has been proved so far, although theorem [1] supports its plausibility.) 

As an example, take a static spherically symmetric metric 

g = -f{r)dt ®dt+ p'^{r)dr ®dr + r'^ [dd ® dd + s\t? Odcj) ® dcf) . (77) 

which, besides the three KV implementing the spherical symmetry, admits one fourth KV, namely 
dt- The quotient space S can be given the structure of a manifold as discussed previously. Consider 
next the metric h on S, 

h = g + f{r)dt ® dt = p'^{r)dr dr + r'^ {d9 ® dO + sin^ Odcj) ® dcf)) . (78) 

By the theorem in [T^ regarding three-dimensional metrics, a scalar a and a covariant vector 
lii exist, which fulfill an arbitrary, previously chosen constraint, that we shall take ^'(a, ||/i||) : = 
ll/xp — /"^(r) + a = 0, and are such that the deformed three-dimensional Riemannian metric 

f] = ah + ^® ^ (79) 

is flat. Let us next make a guess at a and ^ and take a = a{r) and /x = fi{r)dr, we shall have: 

hence 

77= (a + I p) (r)dr (g) dr + ar^ [dO ® dO + sm^ 0d(j) ® d(j)) . (80) 
The spacetime metric rj := —dt + ?} is also flat, i.e.: 

T] = -dt ®dt + ah + ^®ii = a[g + f{r) dt®dt) + ^® 11- dt® dt, (81) 
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which is already in the desired form {7} with bS := IJ, ^ — [f ^(r) — a) /^(r) dt (g^ dt . 

In order to ensure that 5 is a hyperbohc projector as required, we need = f~'^{r) — a which 
is fulfilled thanks to the chosen arbitrary constraint ^'(a, ||/^||) =0. 

Substituting the above back into ((801) we get that 

t) = f~'^{r)p^{r)dr ^ dr + ar"^ [dO ® dO + sin^ Odcl) ® dcp) (82) 
must be flat, and this determines a up to a constant. Notice that a line element of the form 

da'^ = F'^{r)dr^ + Y'^{r)dn'^ 

is flat iff 

dY(r) 

hence, choosing the plus sign for convenience and since Y'^ = ar"^ and F{r) = p{r)/ f{r), we finally 
get 

y/d=^(^j ^^0.dr' + K^, = constant. and = p{r) ^/"^(r) - a (83) 

Two interesting particular cases are the following: 

Friedmann- Robertson- Walker spacetimes These are particular instances of the the ones just 
discussed, namely: class Al timelike warped. As it is well known, the metric may be written 
as ^ 

ds'^ = -df + -^^-f^ {dr'^ + r^dn"^) , dO^ = dO^ + sin^ Od^'^. (84) 

Proceeding as in the general case in section lOl we can write ds'^ = B?{t)ds^, where 

:= -dr^ + (^1 + ^r^^ ' {dr^ + r'dn') and dr := (85) 

with dr being a KV of the metric g (of line element ds^) and a CKV of g (line element ds'^). 
The metric ^ is a particular case of ((771) with 

/ A; ^ "^/^ 
/(r) := 1 and p{r) := ( 1 + — 



4 
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which substituted in (l83|l yield 



and 



1 - a 



Y^l + /cr2/4 



/a = - A' + / dr' 
r \ 



1 + - r 



/2 



-l/2^ 



Schwarzschild solution Consider next the well-known Schwarzschild solution written in the form 



g = - [1 - dt ^ dt + (^l ^ 



which is a particular case of ([771) with 



dr (S) dr + (^dO ® dO + s\v? 



f{r) := X I and p{r) := l//(r) 



which substituted in ((83]) yield 



/Lt = Ts/r) - a (1 - Ts/rY 



and 



fa = l + - 
r 



a: + In I 1 



K = constant. 



(86) 
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Appendix A: 

We here prove that the constraints (j47|l propagate out of S. Assume that a, b and Hab is a solution 
of the reduced PDS (H6l) for a set of Cauchy data fulfihing the constraints (jT7|l on the Cauchy 
surface S. We must prove that these constraints also hold on a neighbourhood of S. 

Given a, b and Hab, consider the metric rjab = agab + bHab- Let V and Rabcd respectively denote 
the Levi-Civita connection and the Riemann tensor for "q^b- By the second Bianchi identity we have 



that: 




(87) 



{ccZe} 

Including jH]), the different projections of this equation are 



(a) the projection on is: 




8; 



;8 



(b) the totally transverse projection yields: 




(89) 



(c) and the projection on is: 



'^xRabcd + 2V[ci?aM]jis: - 2Rab[de^ c]^^ — 



(90) 



which is transverse to X for the indices c and d. 



As X'^ is a Killing vector, CxRabcd = 0, and the above equation becomes 



'^[cRabd]X - Relbcd^a]^'^ — 



(91) 



which, projected on X^ and including (l4T]l . yields 

D[cLad] - 2 Lab[d®c] ~ 2 f[c^ad] " ^ Lcdb^a " ^ Lbacdf^ = 

On its turn, the totally transverse component of ([911) is: 



(92) 




(93) 
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In Gaussian normal coordinates equations (f88]l . (f89]) . (f92]l and ([931) respectively read: 

diLjka + 29[jLfc]ia = lin , diLabjk + 29[jL„;,fc]i = lin 

(9iLaj - djLai = lin , didiLabj - djLabi = lin 

where j = 2,3 and a,b,... = 1,2,3, and "lin" denotes "linear terms not containing partial deriva- 
tives". (We have only kept those equations governing the propagation outwards of S, i. e. those 
containing partial derivatives with respect to x^.) 

As the metric r]ab is a solution of the reduced PDS (HH]) . we have that Lu = 0, Lyi = and 
Liiij = 0. Equations ([Mil thus yield the following linear partial differential system to be fulfilled 
by the constraints (l47l) : 

diLjki = lin + 2dyL^ii , diLjki = lin 

diLiijk = lin + 2d[jLiik]i , diLujk = lin and 

diLij = lin , diLij = lin + djLn 

which is already in the normal form for the Cauchy-Kowalevski theorem [8]. As the chosen solution 
a, b and Hab of (H6]) is assumed to be analytic, the coefficients are analytic. Then, for the Cauchy 
data Laj = , Lbijk = and Ljcd = on S, the solution is unique in the analytic category and, by 
linearity, Laj = , Lbijk = and Lj^d = on an open neighbourhood of S. 




Appendix B: The characteristic determinant 



The reduced PDS is constituted by the six equations ([481) . ([49]) and ([5T]) : 



[ ^ (95) 
mi^j + muj = , j = 2, 3 (96) 
a [pij + [1(6 + a) — Iji^ii'j) + biOiiOj + b [uiLOj + LOiioj] = , i,j = 2,3 (97) 



where 



ml b + a a 
m = — = + 



2 yb + a-l/l a-l/l^ 
as it easily follows from ([38]) and ([95]) . 
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The surface S is non-characteristic if the PDS can be solved for the second partial derivatives of 
the unknowns, namely a, b, /, Da and ioi, on S, where a "double dot" stands for df. Notice that due 
to the constraints of p-unitarity and p-orthogonality, in Da and there are only three independent 
unknowns. In order to handle them more appropriately we shall consider the |3-orthonormal triad 
of spatial covectors 

t^a , i^a , Ta where Ta := eafecwV'', 
where labc '■= ^abcd^'^/^ is the p- volume tensor on S. 
We then have that: 

UJa = ^Sl'a - ^2Ta , Da = -J^S^a + ^iTa , Ta = ^2UJa " ^l^^a 

and, deriving again and keeping only principal terms: 

iVa = (isl^a - ^2Ta , Da = -0,3^^a + ^iTa , Ta = (l2iOa - ^ll^a (98) 

which introduced in ([96]) and ([QT]) yields 

mi/j — mwjOs + rriTjQi = , j = 2,3 (99) 
a {pij + [1(6 + a) — l]viUj) + huJiUJj + 2bv(iUjj-^tl2, — 26r(jt(jj)172 = , i, j = 2, 3 (100) 

This last expression (llQOp contains three independent equations, which amount to the contractions 
with p*-', uj'^u}^ —p^^oj^u}^ and i/V-' —p''^u^vK They read, respectively: 

(2 + [l{h + a) - l]uiv^) a + JoJi b + 2bu^ujj tl^ - 2bT^ojj = 1 

[-JuJi + [1(6 + a)-l] {{viJf - viu^ uj^ujj)] a ^ > (101) 

— viv^ a + {{viijj^)'^ — viu'- io^ujj) b — 2b [uiu>^ VjT^ — uiv^ T^'-^j) — J 

On its turn, the expression ([Ml) consists of two independent equations. They are equivalent to the 
wedge products with Tj and vi, namely 

-m (z^ A w) + m (z^ A r) f^i = 

, m I b + a d \ , . ■ 

<^'-''t i^TTTTTi + ^j 

where ([381) has been used and (z^ A a;) := z^2'^3 — vz^2 and so on. 
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Some simplification is gained taking into account that {cOa, fh-, ^c} is a p-orthonormal triad and, in 
the Gaussian p-normal coordinates of section l42l we have that: 

where p := det(pjj), and 

1 



Furthermore, 



iJuJl = 1 — suJl , 
Substituting this into (fTOT]l and (fT02]l . we obtain 

(2 + [l{b + a) - - suf)) a + (1 - scjf) b - IsbfiuJi O3 + Isbnuoi ^2 = 

[-1 + sujf - [l{b + a) - l]uf] a ^ 

-(1 - suf) d- uf b- 2buJiTi = 

m STiyJpVt^ + m suJiyJpVti = 
m I b + d 



(103) 



The reduced PDS (I95l) - (l97l) can be solved for all the second partial derivatives of the unknowns, 
namely a, 6, /, i>a and d)fe, if, and only if, the system pQ3p can be solved for the six unknowns a, 6, 
Oi, 1^2 and O3; that is if, and only if, it has a non-null determinant, A 7^ 0, where 



A := 2bujlviTi p[l- SLof + [l{b + a) - 

b + a—=\ [1 — sui) — suji {a — = 



I — al 



(104) 



which stands for the characteristic determinant of the partial differential system (l95ll9 
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